Based on a rigorous QED approach a theoretical analysis is performed for the two-photon transitions in heavy He-like ions. Special attention is paid to the interelectronic-interaction corrections to the decay rates that are taken into account within the two-time Green-function method. Detailed calculations are carried out for the two-photon transitions 2 1 S0 → 1 1 S0 and 2 3 S1 → 1 1 S0 in He-like ions within the range of nuclear numbers Z = 28 − 92. The total decay rates together with the spectral distributions are given. The obtained results are compared with experimental values and previous calculations.
I. INTRODUCTION
The two-photon process involving simultaneous emission of two photons was theoretically predicted by Göppert-Mayer in 1931 [1] . It arises from a second-order interaction between an atom and the electromagnetic field resulting in sharing the transition energy between the two photons. The energy distribution of the two-photon spontaneous emission forms a continuous spectrum in contrast to the one-photon process, where the photon frequency equals to the transition energy. Various characteristics of the two-photon transitions, such as total and energy-differential decay rates, angular and polarization correlations of the emitted photons were widely investigated for heavy hydrogenlike ions (see, e.g., Refs. [2] [3] [4] [5] [6] ). Due to the recent advances in the experimental technique heavy He-like ions became promising candidates for studying the two-photon decays in the high-Z domain. Here the 2 1 S 0 state is of special interest, since this state primarily decays into the ground state via two-photon emission. The first theoretical two-photon decay rate of the 2 1 S 0 state in helium was presented by Dalgarno [7] . Later accurate nonrelativistic calculations, including the estimation of the relativistic effects, of the two-photon transition rates 2 1 S 0 → 1 1 S 0 + 2γ(E1) for He-like ions were performed by Drake [2] . The two-photon decay 2 3 S 1 → 1 1 S 0 + 2γ(E1) was investigated theoretically as well [8, 9] , although its rates are smaller than the corresponding one-photon M1 rates by a factor of about 10 −4 . Up to date the most accurate fully relativistic calculations of the two-photon decay rates of the 2 1 S 0 and 2 3 S 1 states in the highly charged ions were performed using relativistic configuration-interaction wave functions in Ref. [10] . Apart from the total and energydifferential decay rates the angular correlations in the two-photon decay of He-like ions have also been investigated recently [11] .
The lifetimes of metastable 2 1 S 0 level in He-like ions have been measured up to Z = 41. The most precise measurements have been made in Kr 34+ [12] , Br 33+ [13] , and Ni 26+ [14] where uncertainties of about 1% have been reported. However, till present the two-photon decay of the 2 3 S 1 level in He-like ions has not been observed. As opposed to the total decay rate measurements, the observation of the energy-differential spectrum carries more detailed information about the entire atomic structure. Several experimental efforts have been made during the last two decades to accurately determine the spectral shape of the two-photon distribution for 2 1 S 0 decay in He-like ions [15] [16] [17] . The cleanest spectrum has been obtained recently in Refs. [18, 19] , unambiguously confirmed predictions of relativistic many-body theory as compared to the nonrelativistic calculations.
Since the two electrons in He-like ions are strongly correlated, it is important to take into account the interelectronic-interaction effects when studying the two-photon decays. In previous calculations the correlation effects were accounted for by means of nonrelativistic Hylleraas variational wave functions [2] , relativistic configuration-interaction (CI) wave functions [10] , or by means of relativistic wave functions in screening potentials [11, [19] [20] [21] . However, a rigorous description of high-Z systems requires the quantum electrodynamic (QED) approach, which treats systematically radiative and correlation corrections order by order. Future progress in the experimental techniques will allow to observe QED corrections to the transition amplitudes. In particular, recent precise measurements of the one-photon decay rates of the (1s 2 2s 2 2p) 2 P 3/2 state in B-like Ar [22, 23] have been shown to be sensitive to the one-and many-electron QED effects [24] [25] [26] . The QED treatment of the correlation effects differs from the many-body perturbation theory by the frequency-dependent contribution. The first QED evaluation of the interelectronic-interaction correction of first order in 1/Z to the one-photon decay rates was performed in Ref. [27] employing the two-time Green-function method [28] [29] [30] ; later these calculations were confirmed in Ref. [31] by means of the line profile approach [32] . The main goals of the present paper are the derivation of formulas for the interelectronicinteraction corrections to the two-photon decays from the first principles of QED and the numerical evaluations of the twophoton transitions 2 1 S 0 → 1 1 S 0 and 2 3 S 1 → 1 1 S 0 in the He-like ions. The paper is organized as follows: In the next section the process of the two-photon emission is described in the framework of the two-time Green-function method. The calculation formulas for the first-order interelectronic-interaction corrections to the two-photon transition amplitude are derived starting in the zeroth-order approximation with the Coulomb potential of the nucleus and with a local screening potential. In Sec. III we present the numerical results for the two-photon decay rates of 2 1 S 0 and 2 3 S 1 states in He-like ions. Beyond the dominant channel of the emission of two electric-dipole (E1) photons the higher multipoles contributions are also taken into account. The total and energy-differential decay rates are presented within the range of nuclear numbers Z = 28 − 92. Comparison with previous theoretical calculations and with experiment are given. We close with a short summary, where we point out the main achievements of the present work.
Relativistic units ( = 1, c = 1, m = 1) and the Heaviside charge unit [α = e 2 /(4π), e < 0] are used throughout the paper.
II. BASIC FORMULAS
According to the basic principles of QED [33] , the transition probability from the electronic state A to B accompanied by emission of two photons with wave vectors k f1 , k f2 and polarizations ǫ f1 , ǫ f2 , respectively, is given by
where τ γ f 1 ,γ f 2 ,B;A is the transition amplitude which is related to the S-matrix element by
E A and E B are the energies of the initial state A and the final state B, respectively. According to the standard reduction technique, the S-matrix element can be written as
where j ν (y) = (e/2)[ψ(y)γ ν , ψ(y)] is the Dirac current density operator and Z 3 is a renormalization constant for the emitted photons lines [34] . Here the electron-positron current operator j ν (y) as well as the initial and final state vectors are given in the Heisenberg picture. Eq. (3) can be written as
where
is the wave function of the emitted photon. In order to evaluate this S-matrix element the information about the entire atomic structure is needed. This information is contained in the Green functions. To obtain this information and to formulate perturbation theory we employ the two-time Green-function method [28] [29] [30] . We introduce the following Green function to describe the process of a two-photon emission by an N -electron ion
where ψ(x) is the electron-positron field operator in the Heisenberg representation. In a general case, we imply that to zeroth approximation the vector A belongs to the s A -dimensional subspace Ω A of degenerate (or quasi-degenerate) states, and the state B belongs to the s B -dimensional subspace Ω B . P (0)
A and P
B are the projectors onto the corresponding subspaces,
and u kA and u kB are the unperturbed states of the N -electron system, constructed as linear combinations of one-determinant wave functions. From the spectral representation we find that the Green function
) has isolated poles in the complex planes E ′ and E, at E ′ ∼ E
B and E ∼ E
A , in the exact energies E ′ = E kB and E ′ = E kA , respectively,
where |k A and |k B denote the states corresponded to the exact energies E kA and E kB from the subspaces Ω A and Ω B , respectively. Let us now project this Green function on the subspace of initial (Ω A ) and final (Ω B ) states
Comparing Eq. (4) with Eq. (8) and taking into account the definition (9), we obtain
where v A and v B are solutions of a generalized eigenvalue problem in the degenerate subspaces of the initial and final states, respectively (see Ref. [30] for details), the contours Γ A and Γ B enclose the poles corresponding to the initial and final levels, respectively, and exclude all other singularities of Green function g γ f 1 ,γ f 2 ,B;A . Eq. (10) represents the general relation between the S-matrix element of the two-photon transition and the two-time Green functions. Further we consider the single initial and final states. In this case, the vectors v A and v B simply appear as normalization factors and the S-matrix element can be written as
where the Green functions g AA and g BB are defined by
with
The Green function G(E) contains the complete information about the energy levels of the ion [30] . The S-matrix element S γ f 1 ,γ f 2 ,B;A expressed in terms of the two-time Green functions g γ f 1 ,γ f 2 ,B;A , g AA , and g BB via Eq. (11) can be calculated order by order by applying perturbation theory to the Green functions. The Feynman rules for the Green functions are given in Ref. [30] .
In the following we consider the two-photon transitions in He-like ions. The zeroth-order two-electron wave functions are constructed in the jj-coupling scheme as linear combinations of the Slater determinants, A = (a 1 , a 2 ) JAMA , B = (b 1 , b 2 ) JB MB , as where F A denotes the shorthand notation for the summation over the Clebsch-Gordan coefficients
J A and j a are the total angular momenta of the two-and one-electron wave functions, respectively, M A and m a its corresponding projections, P is the permutation operator, giving rise to the sign (−1) P of the permutation. The same notations hold for the final state B. The one-electron wave functions are found by solving the Dirac equation either with the Coulomb potential of the nucleus or with a local effective potential, which partly takes into account the interelectronic-interaction effects.
Further we consider the pure (nonresonant) two-photon decays. While the question about cascades we leave beyond the scope of the present paper. This question was discussed in details in Ref. [35] and references therein. In the following we also assume, that the states A and B have at least one common one-electron state.
A. Zeroth-order approximation
In order to calculate the S-matrix element of the two-photon transition according to Eq. (11) we expand the two-time Green functions in perturbation series and combine the terms of the same order. The zeroth-order two-photon transition amplitude represented by diagrams in Fig. 1 is given by
where the superscript "(0)" indicates the order of the perturbation theory. According to the Feynman rules we obtain
P ∞ −∞ dp 0 1 dp 0 2 dp ′0 1 dp where R f is the transition operator,
preserves the proper treatment of poles of the electron propagators, and the shorthand notation (f 1 ↔ f 2 ) stands for the contributions with interchanged photons f 1 and f 2 . Substituting this expression into Eq. (16) and integrating over E and E ′ one obtains
The corresponding differential transition probability is given by
Summing over the photon polarizations and integrating over the photon energies and angles one obtains the total decay rate
B . Eqs. (19) and (20) together with Eq. (18) describe the zeroth-order differential and total twophoton transition probabilities, respectively. They coincide with the corresponding formulas employed for the calculation of the two-photon decay rates in He-like ions [2, 10, 11, 36] in the independent particle model approximation.
B. First-order interelectronic-interaction correction
With the formalism outlined above, we are ready now to derive the first-order interelectronic-interaction corrections to the two-photon transition amplitude, which are defined by diagrams depicted in Fig. 2 . According to Eq. (11) we start from
AA where g
AA and g
BB are defined by the first-order interelectronic-interaction diagram depicted in Fig. 3 . Let us first consider the contribution of the diagrams shown in Fig. 2(A) . According to the Feynman rules we obtain
P ∞ −∞ dp 0 1 dp 0 2 dp ′0 1 dp
, and D µν (ω) is the photon propagator. Eq. (22) is conveniently divided into irreducible and reducible parts. The reducible part is the one with ε P b1 + ε n2 = E
A in first term and with ε P b2 + ε n2 = E
A in the second term. The irreducible part is the reminder. Thus, we obtain for the irreducible contribution
P ∞ −∞ dp 0 dp
and for the corresponding reducible one
The expression in curly braces of Eq. (23) is a regular function of
B . Substituting Eq. (23) into Eq. (21) and integrating over E and E ′ we find
A similar calculation for the diagrams shown in Figs. 2 
In the case under consideration only the diagrams depicted in Figs. 2(A) and 2(C) possess reducible parts. For the reducible contribution coming from the 2(A) diagrams we have
where ∆E
(1)
is the one-photon exchange correction to the state A and ∆ A = ε a2 − ε a1 . Combining this term together with the reducible part of the 2(C) diagrams and with the second term in formula (21), we obtain the total reducible contribution:
where ∆E 
Finally, the first-order interelectronic-interaction corrections to the differential and total transition probabilities can be expressed according to the following equations
where E
A , E
A − E
B , and
are the contributions originating from changing the transition energy ∆
AB in the zeroth-order transition probability to the energy ∆ 
C. First-order interelectronic-interaction correction with screening potential
In the previous subsection we presented the formulas for the first-order interelectronic-interaction correction involving electron states and propagators in the external Coulomb potential of the nucleus as the zeroth-order approximation (the original Furry picture). Now we consider an extended Furry picture, which includes a local screening potential in the unperturbed Hamiltonian. Since further we consider the two-photon decays from the single-excited state to the ground state of He-like ions, we construct the screening potential for the initial state A such that it takes into account partly the interelectronic interaction between the electrons a 2 and a 1 . By employing the extended Furry representation, we already at the zeroth-order level relieve the quasidegeneracy of the (1s2s) J and (1s2p 1/2 ) J states, and improve the energy level scheme of the first excited states in high-Z heavy ions. Two different local screening potentials V scr are used: the Kohn-Sham potential and the core-Hartree potential. Both potentials were successfully incorporated in previous calculations [11, 19, 37, 38] .
In the extended Furry picture we solve the Dirac equation with an effective spherically symmetric potential treating the interaction with the external Coulomb potential of the nucleus and the local screening potential exact to all orders. The electron propagators in Figs. 1-3 have to be treated in the effective potential (we indicate this diagrammatically via the triple electron line). The formulas derived in the previous subsection remain formally the same, but keeping in mind that the Dirac spectrum is now generated by solving the Dirac equation with the effective potential. However, additional counterterm diagrams with the extra interaction term −V scr arise. In Figs 
For the additional reducible contribution we obtain
where ∆E are the counterterm contributions to the energy of the initial and final states, respectively,
Thus, in the extended Furry representation these extra terms have to be added to the corresponding corrections to the transition amplitude as τ (1A,irr)
A , and, similarly, the rest terms. Moreover, in Eqs. (32) and (33) the employed energies E (1)
A and E 
III. NUMERICAL RESULTS AND DISCUSSION
Now let us turn to the presentation and discussion of our numerical results for the two-photon transitions 2 1 S 0 → 1 1 S 0 and 2 3 S 1 → 1 1 S 0 in He-like ions. The infinite summations over the complete Dirac spectrum involved in the numerical evaluations are performed employing the finite-basis set method. The B-splines basis set was constructed utilizing the dual kinetic balance approach [39] . The homogeneously charged sphere model for the nuclear charge distribution is employed together with the rms radii taken from Ref. [40] , except for the thorium and uranium ions, for which the recent rms values are taken from Ref. [41] . The Kohn-Sham and core-Hartree screening potentials are employed in the zeroth-order approximation. The Kohn-Sham potentials are constructed for the 2 1 S 0 state in the case of 2 1 S 0 → 1 1 S 0 transition, and for the 2 3 S 1 state in the case of 2 3 S 1 → 1 1 S 0 transition, while the core-Hartree potential is just a Coulomb potential generated by the 1s electron. The screening potentials are generated self-consistently by solving the Dirac equation until the energies of the core and valence states become stable on the level of 10 −9 . In our final compilation we employ the Kohn-Sham potential as a starting one, since the transition energies are better reproduced in this case. The gauge invariance serves as an accurate check of consistency of the derived formulas and the numerical procedure. We analytically proof the gauge invariance of the obtained formulas. In order to separate out the proper gauge invariant first-order contribution we replace the transition operator R f2 with the first two terms of the Taylor expansion in τ
B , and with the first term only in τ
In the numerical procedure we employ the Feynman and Coulomb gauges for the photon propagator and the velocity and length gauges for the emitted photons and demonstrate the gauge independence of the final results. In Table I we present the numerical results for the individual contributions evaluated in the different gauges for He-like thorium. As one can see from the table, the gauge invariance is restored in the final values. A detailed discussion of these questions will be presented elsewhere.
In Table II we present the zeroth-order and final values of the two-photon decay rates for the transitions 2 1 S 0 → 1 1 S 0 +2γ(E1) and 2 3 S 1 → 1 1 S 0 + 2γ(E1) in He-like ions. These results include only the dominant 2E1 channel of the two-photon decay. The final results for the total two-photon decay rates are evaluated according to the following formula
where in τ
γ f 1 ,γ f 2 ,B;A and τ
γ f 1 ,γ f 2 ,B;A , defined by Eq. (18) and Eqs. (31), (36)- (39), respectively, we separate out the terms up to the first order. The transition energies ∆ first-order interelectronic-interaction corrections to the two-photon decay rate W B;A . However, for high-Z ions it is important also to take into account the radiative corrections. In the framework of QED perturbation theory, one has to evaluate radiative corrections to both the transition energy and the transition amplitude. In order to account partially for the radiative corrections, we employ the more accurate transition energies taken from Ref. [42] for the transition energies ∆
AB in the upper integral limit and in the factor (∆ (1)
Including by this way the more accurate transition energies does not violate the gauge invariance of the result; it just scales the decay rates to another value of the transition energy. The employment of the more accurate transition energies yields corrections that are negligible for intermediate-Z, which however become important for high-Z ions.
The results of calculations performed by starting with the Coulomb, core-Hartree, and Kohn-Sham potentials are presented in Table II . Comparing the zeroth-order values in the Coulomb and screening potentials one can observe that the screening potentials account for a considerable part of electron-electron interaction effects. However, the difference between the zerothorder results for the core-Hartree and Kohn-Sham potentials is still quite large. Accounting for the first-order interelectronicinteraction correction, we obtain the decay rates W B;A , which much less depend on the screening potential. The remaining difference between the final values W B;A in the core-Hartree and Kohn-Sham potentials provides a hint for the uncertainty due to unaccounted second-and higher-order interelectronic-interaction corrections. In Table II we also compare the obtained decay rates W B;A with the results of other theoretical calculations. In the case of the 2 1 S 0 state our decay rates slightly disagree with the rates given by Derevianko and Johnson [10] . For high-Z ions this can be explained by the radiative corrections, which are included in our transition energies. The comparison with the results obtained by Drake [2] gives a better agreement within the indicated uncertainty. In the case of the 2 3 S 1 state the interelectronic interaction affects the two-photon decay rates much stronger, and therefore our accuracy becomes slightly worse. For this case our results are in a fair agreement with those values of Ref. [10] .
As on can see from Table II , the final values of the total two-photon decay rates calculated with the core-Hartree and KohnSham potentials are very close to each other. With this in mind, we restrict our further consideration to the calculations performed with the Kohn-Sham screening potential.
Beyond the dominant 2E1 decay channel we consider also the higher-multipole contributions to the two-photon decay rates. In Table III we present the contributions of higher multipoles calculated in the zeroth-order approximation. In the case of the 2 1 S 0 state the contribution to the total two-photon decay rate arises only from the photons with the same multipole numbers. The correction due to the higher multipoles rapidly increases with Z, but even for Z = 92 it is by a factor 10 3 smaller than the dominant 2E1 decay rate. Unlike the 2 1 S 0 state, in the case of the two-photon 2 3 S 1 → 1 1 S 0 transition the higher multipoles decay rates are relatively large, as was first indicated by Dunford [43] . Our results for the E1M2 decay rate are in reasonable agreement with those of Ref. [43] . Moreover, we also evaluate the 2M1 channel, which contribution becomes comparable with the E1M2 for high-Z ions. The contributions of higher multipoles are included in our final compilations.
In Table IV we compare the theoretical and experimental two-photon decay rates of the 2 1 S 0 state. AB transported by one of the two photons reads
then the total decay rate can be found via the following equation
Since we employ the more accurate transition energy ∆
AB from Ref. [42] , our energy distribution function appears to be not exactly symmetric with respect to the center point at y = 0.5. This asymmetry comes mainly due to the higher-order corrections included in the transition energy but neglected in the transition amplitude. In Tables VI, VII and in Figs. 6, 7 we present the spectral-distribution functions dW B;A /dy calculated as a half-sum of the contributions at the points y and 1 − y. For the 2 1 S 0 state the energy distribution function has one maximum at y = 0.5, and in Table VI we give also the reduced full width at half [14] .
c Ref. [12] . b Ref. [13] .
d Ref. [44] . [10] . For the 2 3 S 1 state the energy distribution function has two symmetric maxima in first and second half of the unit segment. In the center point (equal energy sharing) the distribution function is zero for the decay channels with the photons with the same multipole numbers (e.g., for the 2E1 decay). This is a consequence of the Bose-Einstein statistics, which forbids to construct a permutation symmetric two-photon state with total angular momentum J tot = 1. Therefore, near the center point the distribution function is defined by the E1M2 channel, as it was noticed first in Ref. [43] . The value of y, where the first maximum is reached, is given in Table VII together with the corresponding values of the reduced FWHM. In contrast to the results reported in Ref. [10] , we obtain a different energy distribution due to accounting for the higher multipoles contributions.
IV. SUMMARY
In summary, we have presented a systematic quantum electrodynamic description for the first-order interelectronic-interaction corrections to the two-photon transition probabilities in He-like ions. A local screening potential has been included in the zeroth-order approximation in the framework of an extended Furry representation, and the corresponding expressions for the counterterms have been derived. Such a treatment of the electron-correlation effects allows us to control the gauge-invariance of each term in the perturbation expansion and to estimate an uncertainty due to the truncation of this expansion. The total twophoton decay rates and the spectral distribution functions have been evaluated for the transitions 2 1 S 0 → 1 1 S 0 and 2 3 S 1 → 1 1 S 0 in the He-like ions with nuclear charges in the range 28 ≤ Z ≤ 92. The results of the calculations performed have been compared with previous calculations and with experimental data. The present calculations of the two-photon decays of the 2 1 S 0 and 2 3 S 1 states in He-like ions can be utilized for studying the parity non-conservation phenomena in He-like ions [21, 45, 46] as well as for investigations of the contributions of higher multipoles to the energy distribution. 
AB is the fraction of the total transition energy transported by one of the two photons. The reduced full widths at half maximum (FWHM) are also given. Numbers in brackets denote powers of ten. two-photon energy distribution functions dWB;A/dy, normalized to the corresponding total decay rates, plotted as a function of the reduced energy y for He-like nickel, tin, europium, and uranium ions.
